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Abstract 

Stochastic processes on topological vector spaces over non- Archimedean 
fields and with transition measures having values in non- Archimedean 
fields are defined and investigated. For this the non- Archimedean ana- 
log of the Kolmogorov theorem is proved. The analogos of Markov and 
Poisson processes are studied. For Poisson processes the correspond- 
ing Poisson measures are considered and the non- Archimedean analog 
of the Levy theorem is proved. Wide classes of stochastic processes 
are constructed. 



1 Introduction. 



Classical stochastic analysis for real and complex vector spaces and real or 
complex transition measures is well developed |6|, [16|, [17|, |2(| [M| |3! 



37 , but 



the stochastic analysis on topological vector spaces over non-Archimedean 
fields and with transition measures having values in non- Archimedean fields 
was not studied. There are many differences of classical and non- Archimedean 
functional analysis j|, [18], [L9], |3^, [f(], and many theorems of classical 



functional analysis are not true in their classical form in the non- Archimedean 
case, for example, measure theory, operator theory, theory of function spaces. 
This paper is devoted to such new non-Archimedean variant of stochastic 
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analysis and continues papers , where real and complex valued transition 
measures of stochastic processes on non-Archimedean spaces were consid- 
ered. Stochastic differential equations on real Banach spaces and manifolds 
are widely used for solutions of mathematical and physical problems and for 
construction and investigation of measures on them. On the other hand, 
non- Archimedean functional analysis develops fastly in recent years and also 
its applications in mathematical physics [0], [0], 43, 41, 45, 23, ^ 



Wide 



classes of quasi-invariant measures including analogous to Gaussian type on 
non- Archimedean Banach spaces, loops and diffeomorphisms groups were in- 
vestigated in [^, ^7], |28]. [29|. [3(], ^TJ . Quasi- invariant measures on topological 
groups and their configuration spaces can be used for the investigations of 
their unitary representations (see [28, 120, 130, [3T| and references therein). 



In view of this developments non- Archimedean analogs of stochastic equa- 
tions and diffusion processes need to be investigated. Some steps in this di- 

where non-Archimedean time was considered, 
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rection were made in 
but stochastic processes there were on spaces of complex valued functions and 
transition measures were real or complex valued. At the same time measures 
may be real, complex or with values in a non- Archimedean field. 

In the classical stochastic analysis indefinite integrals are widely used, but 
in the non-Archimedean case the field of p-adic numbers Q p has not linear 
order structure apart from R. 

This work treats the case which was not considered by another authors. 
These investigations are not restricted by the rigid geometry class |15|] , since 



it is rather narrow. Wider classes of functions and manifolds are considered. 
This is possible with the use of Schikhof 's works on classes of functions C n 
in the sence of difference quotients, which he investigated few years later the 
published formalism of the rigid geometry. 

Here are considered spaces of functions with values in Banach spaces over 
non-Archimedean local fields, in particular, with values in the field Q p of 
p-adic numbers. For this non-Archimedean analogs of stochastic processes 
are considered on spaces of functions with values in the non-Archimedean 
field such that a parameter analogous to the time is either real, p-adic or 
more generally can take values in any group (see §§4.1, 4.2). Certainly this 
encompasses cases of the time parameter with values in adeles and ideles. 
Their existence is proved in Theorem 4.3. 

This became possible due to results of §2, where the non- Archimedean 
variant of the Kolmogorov theorem was proved. 
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In §3 non-Archimedean analogs of Markov cylindrical distributions are 
defined and Propositions 3.3.1 and 3.3.2 about their boundedness and un- 
boundedness are proved. 

Poisson measures and processes play very important role in classical 
stochastic analysis [^T, ||. In Section 5 their non- Archimedean analogs are 
considered. All results of this paper are obtained for the first time. 



2 £>-Adic probability measures. 

Let A be a set and TZ be a covering ring of X such that elements of TZ 
are subsets of X. Consider a field K with a nontrivial non-Archimedean 
valuation such that K D Q p . Suppose that K is complete as the ultrametric 
space. 

2.1. Definition. Suppose that S is a subfamily of TZ such that for each 
A and B in S there exists C G S with C C A (IB, then S is called shrinking. 
For a function f : TZ — > K or / : % - > R the notation hmAesf(A) = 
means that for each e > there exists B G S such that < e for each 
A G S with Ad B. 

2.2. Definition. A mapping // : 7?. — > K is called a measure if it satisfies 
the following conditions: 

(i) /i(A U 5) = /i(A) + //(£) for each A and 5 in 72. such that A n 5 = 0; 

(ii) for each A G 72. its /i-norm ||A|| M := sup{\^(B)\ : B G TZ, B C A} < 
oo is bounded; 

(m) if S C TZ is shrinking and Pl<S := Pises = 0; then linings A*(A) = 0. 

2.3. Note. These conditions are called respectively additivity, bound- 
edness and continuity. Condition (in) is equivalent to liuu G< s \\A\\n = for 
each shrinking subfamily S in TZ with D«S = 0. 

2.4. Definition. A measure \x : TZ — > K is called a probability measure 
if fx(X) = 1 and ||A|| M =: = 1. 

2.5. Remarks. For functions / : A — > K and : X — > [0, oo) put 
:= sup^g^ \f(x)\(j)(x). Consider the following function: 

(1) NJx) := inf \\U\L 



for each x G X. Put \\f\\p := ||/||at m - Then for each A C X the function 
||A|| /t := sup xgj 4 Nfj,(x) is defined such that its restriction on TZ coincides 
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with that of given by Equation 2.2. (ii) (see also Chapter 7 ]44j). A TZ-step 
function / is a function / : X — > K such that it is a finite linear combination 
over K of characteristic functions Chu of U G TZ. A function / is called 
/i-integrable if there exists a sequence {f n : n G N} of step functions such 
that lim^oo ||/ — / n || jVu — 0. The Banach space of /i-integrable functions is 
denoted by L(/jl) := L(X, TZ, fi, K). There exists a ring TZ^ of subsets A in X 
for which Ch^ G L(fi). The ring 7£ M is the extension of the ring TZ such that 
TZ^ D 1Z. 

For example, if K is locally compact, then the valuation group Tk := 
{\x\ : x G K,x 7^ 0} is discrete in (0, oo) C R. If /i is a measure such 
that < < oo, then there exists a G K such that |a| = since 
1 1 A 4 1 1 G Tk for discrete Tk, hence a/i is also the measure with = 1. If 
||/x|| = 1, then fj, is the nonzero measure. For such \x with //(X) =: tx G K 
if 6x 7^ 1 w e can take new set K and define on X := Y U X a minimal 
ring 7Z generated by TZ and {Y}, that is, TZ fl F = {0, {Y}} and TZ = 
TZ U {F}. Since ||//|| = 1, then |6 X | < 1. Put := 1 - b x , then there 

exists the extension of \i from TZ on 7£o such that ||//|| = 1 and fJ,(X ) = 1, 
since |1 — &x| < max(l, |6x|) = 1- I n particular, we can take a singleton 
K = {y}. Therefore, probability measures are rather naturally related with 
nonzero bounded measures. This also shows that from = 1 in general 
does not follow [i(X) = 1. Evidently, from fi(X) = 1 in general does not 
follow = 1, for example, X = {0, 1}, TZ = {0, {0}, {1}, X}, /i({0}) = a, 
/x({l}) = 1 — a, where |a] > 1, hence = |a| > 1. Wide class of probability 
Qp-valued measures on non- Archimedean Banach spaces was constructed in 
§11.3.15 ||. 

Consider a nonvoid topological space X. A topological space is called 
zero-dimensional if it has a base of its topology consisting of clopen subsets. 
A topological space X is called a T -space if for each two distinct points x 
and y in X there exists an open subset U in X such that either x G U and 
y e X\U or y eU and x £ X \ U. 

A covering ring 7£ of a space X defines on it a base of zero-dimensional 
topology t-ji such that each element of TZ is considered as a clopen subset 
in X. If 7r : X — >• K is a mapping such that 7r _1 (7?.y) C then a 

measure /i on (X, TZx) induces a measure v := 7r(/i) on (Y,72.y) such that 
v(A) = fi(7T" l (A)) for each A G ^y. 

2.6. Proposition. Lei (X,TZ,/i) be a measure space. Then there exists a 
quotient mapping tt : X — >• Y on a Hausdorff zero- dimensional space (Y,Tg) 
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and 7r(/i) := v is a measure on Y such that Q = tt(TZ), where (Y, Q, v) is the 
measure space. 

Proof. Suppose that (Y, Tg) is a T -space, where Q is a covering ring of 
Y . For each two distinct points x and y in Y there exists a clopen subset 
U in Y such that either x G U and y £ Y \ U or y €L U and a? G V \ i7, 
since the base of topology Tg in Y consists of clopen subsets. On the other 
hand, Y \ U is also clopen, since U is clopen. Therefore, Y is the Hausdorff 
space. Clearly this implies that Y is the Tychonoff space (see §6.2 ||, but it 
is necessary to note that we consider the definition of the zero-dimensional 
space more general without Ti-condition in §2.5). 

Now we construct a Ti-space Y, that is a quotient space of X. For this 
consider the relation in X: 

xny if and only if for each S G TZ with x G S there is the inclusion {x, y} C 
S. Evidently, xkx, that is, k is reflexive. The relation xKy means, that 
y G V x :— ClxeseiiSi where V x is closed in X, then from y G S it follows, 
that x G S, since otherwise y ^ V x , because TZ is a covering ring. Therefore, 
V x = V y and yKX, hence k is symmetric. Let xny and ynz, then 14 = = V z , 
consequently, xkz and k is transitive. Therefore, k is the equivalence relation. 
Let 7r : X — > Y := X/k be the quotient mapping and Y be supplied with 
the zero-dimensional topology generated by the covering ring Q such that 
7r _1 (^) = 71, since each A G TZ is clopen, then for each x G A G TZ we 
have V x C A. Then 7r _1 ([y]) = for each y G X and [y] := 7r(y). Hence 
each point [y] G Y is closed, hence Y is the Ti-space. The topology in Y is 
generated by the covering ring Q, consequently, Y is the Hausdorff space (see 
above), since from the T\ separation property it follows the T separation 
property. 

If S is the shrinking family with zero intersection in Y such that S <Z Q, 
then 7r _1 ( l S) is also the shrinking family with zero intersection in X such that 
7r _1 (5) C TZ, hence from lim^ e7r -i(5) /jl(A) = it follows lim^s u(A) = 0. 
Therefore, Condition (iii) from §2.2 is satisfied. Evidently, = and v 
is additive on Q, hence v is the measure. 

2.7.1. Note. In view of Proposition 2.6 we consider henceforth Hausdorff 
zero-dimensional measurable [X, TZ) spaces if another is not specified. 

In the classical case the principal role in stochastic analysis plays the Kol- 
mogorov theorem, that gives the possibility to construct a stochastic process 
on the basis of a system of finite dimensional (real- valued) probability distri- 



butions (see §111.4 ||25||). The following three theorems resolve this problem 
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for K-valued measures in cases of a product of measure spaces, a consistent 
family of measure spaces and in cases of bounded cylindrical distributions. 
Finally Theorem 2.15.2 (the non-Archimedean analog of the Kolmogorov 
theorem) as the particular case of Theorem 2.14 is formulated. 

Consider now a family of probability measure spaces {(Xj, IZj, Hj) : j G 
A}, where A is a set. Suppose that each covering ring IZj is complete relative 
to the measure /ij, that is, IZj = 1Z N , where 7Z H denotes the completion of 
IZj relative to /ij. Let X := ITfeA Xj be the product of topological spaces sup- 
plied with the product (Tychonoff) topology tx, where each Xj is considered 
in its Tft. -topology. There is the natural continuous projection iTj : X — > Xj 
for each j G A. Let 1Z be the ring of the form Uj 1 ,...j„eA,neN fY=i ^J^i^h)- 

2.7.2. Definition. A triple (X,TZ,fj) is called a cylindrical distribution 
if it satisfies the following condition: 

^llXi 7 ^ 1 ^) = ^"=1 P-ii for each j u ...,j n G A and n G N, where jlj( / K~ 1 (A)) := 
pLj(A) for each A G 1Zj\ Jlj is the measure on (X,nj l (1Zj)). 

2.8. Theorem. A cylindrical distribution fi on (X,7Z) has an extension 
up to a probability measure \i on (X, IZ^), where /i and X are the same as in 
§2.7. 

Proof. For each j G A we have the ring IZj. Let A and B be in 
ULi^O^-J, where ji,..,j n G A and n G N. Then A = H?=i ^ (A t ) , 
where Ai G TZj [ for each / = l,...,n, analogously for B with B\ instead of 
Ai. Such subsets A form the base of the topology tx such that Tx 3 7Z- 
Therefore, AC\B and A\B and hence AUB are in 7Z, since 7Zj l x ... x 7Zj n is 
the ring. Therefore, 1Z is the ring. The space X in the topology r x is zero- 
dimensional, since the base 1Z of t x consists of clopen subsets in X. It is 
necessary to verify that the triple (X,7Z,fi) satisfies Conditions 2.2. (i — in). 
In general Tx and 1Z may not coincide, but as it is shown below the us- 
age of the inclusion Tx Z> 7Z is sufficient for the proof. On the other hand, 
(Xj 1 x ... x Xj n ,1Z jl x ... x TZj n: /j l j 1 x ... x Hj n ) is the measure space for each 
ji; jn G A and n G N, consequently, /i on 1Z is additive. For each A of the 
outlined above form we have 

(i) \\A\ln = nr=i ll-^IUj — 1- Such elements A in 1Z form the base of 
Tychonoff topology in X, consequently, ||A|| M < 1. For each j G A we have 
tij(Xj) = 1, hence /i(A) = 1 and ||A|| M = 1. Therefore, [i satisfies Conditions 
2.2.(i,ii). For each A G 1Z the norm is defined. 

Consider now the function N^(x) on (X,1Z), that is defined by the For- 
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inula 2.5.(1). For each e > and iel there exists A G 72 such that 

(zz) || A || M — e < N^{x) < \\A\\fj,. Each function N lij (xj) is upper semi- 
continuous on (Xj,TZj) by Theorem 7.6 |¥I|. In view of Lemma 7.2 HTJ] and 



Formula (z) for each x G X and each e > there exists its neighborhood 
A G 72 such that 

{Hi) Y[i =1 N Mi {y h ) < Np{x) + e for each y G A, where y 5 := iTj{y) for 
each j G A. Hence for each x G X and each e > there exists its basic 
neighborhood A such that 

{iv) Nfj,{y) < Nfj,{x) + e for each y G A, that is, N^x) is upper semicon- 
tinuous on {X,1Z), since < N^{xj) < 1 for each G X, and j G A. From 
Formulas {i,ii,iii) and 2.2. {ii) we have 

(u) || A || ^ = sup x€X Nfj,{x) for each A G 72., 



since = sup^^.^^ rfiLi ^ ( x h 



Let V be a compact subset of X. Then for each e > it has a covering by 
clopen subsets E x ElZ with 16 V and x & E x such that Inequalities {ii — iv) 
are satisfied for E x instead of A. In view of compactness of V the covering 
{E x : x G V} has a finite subcovering {E\, E m }. Then UI=i-Ei £ 72. 
Therefore, 

(m) sup xey A^(z) < max l= i r .. im H^l^ < sup xeV N^x) + 2e, 
since swp xeV N^x) < || U™i due ^° Inequality (zz), 

||U™i#jIU = ma^i m \\Ei\\n = maxi =li ... )m sup xeEi iV /Lt (x) due to Formula 

(f ) and Condition 2.2. (ii), since Ei ElZ for each / = 1, m, but for each E\ 
there exists xi E Ei P\ V such that N^{y) < N^xi) + e for each y E E\ due 
to Inequality (it;) and the choise of ...,E m } as the finite subcovering of 
the covering {E x : x E E x (IV, E x E 72} (see above). Since e > is arbitrary 

and || UI=i ^IU = max i=i,..,m 11-^zlU tnen 

(viz) swp xeV Nfj,{x) = 'wi-]z 3 ADV since for each A G 72 such that 

V G A there exists : Z = 1, m} with m G N, where each E\ is as above, 
such that V C UJILi E\ C A. Though the compact subset V is not necessarily 
in 72 we take Equation (mi) as the definition of ||^||^ := inf^^y \\A\\^. 

Now we verify, that fi on {X, 72) satisfies Condition 2.2. {Hi). Let 5 be 
a shrinking subfamily in 72 with f|<5 = 0. In view of Theorem 7.12 [IT] for 
each e > the set Xj >e := {x : x G Xj,N^{x) > e} is 72^ -compact. For 
each 5 > choose a sequence {ej : e 3 - > 0,j G A} with sup JgA ej < 5. In 
view of the Tychonoff theorem (see §3.2.4 in |J) YljeA-^j,e =: -^{e -.j} is the 
compact subset in X. Since for each A and S in S there exists C G S such 
that C C A fl .B and 72 is the ring, then consider finite intersections of finite 
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families in S, hence there exists the minimal family <5>o generated by S such 
that So C 1Z, S C So and So is centered, that is, A n B G So for each A and 
B in <So. Evidently, linings \\A\\^ = is equivalent to lmi4 e<S() H^H^ = 0, since 
\\B\\n < ||^4|| M for each B d A (see also §§2.3 and 2.5). Denote <So by <S also. 

Each element S G S is clopen in the centered family 5 and A{ £ has the 
empty intersection with f]S. In view of compactness of X^.jy there exists 
a finite subfamily Si,...,S n in S such that -X"{ e -y} H (fl/Li *Sz) = 0> hence 
liniAgsnx^..^ II^IU = 0; since ||0|| M = 0. As above for each 5 > choose a 
finite covering E x , E m E TZ of V := X{ ej .jy such that 

(to) \\V\\^ < max; =li m \\EiWp < II^IU + ^ ( see Equation (vi)), hence 
there exists A G S n (U™i #i) such that < 5, where (U™i G ft. 

For each x G A\A{ e . :J -} there exists a basis neigbourhood U = f)T=i 7r_1 (^z) 
such that U nA{ e . : j} = 0, since X is Hausdorff and -X"{ e ,-y} is compact, where 
£7/ G TZj l and jj G A for each I = 1, n. Therefore, 

(ix) Nn(x) < 5 for each x G X \ X^ ej .jy, since = 1 and 

su Pa;GX\x ie . X^(x) < 6j < 5 for each j G A. In view of Equations (v,vi) 
we have < 8 for each A C X \ X{ e ..jj such that A £ 1Z. Then ap- 

plying Equation (viii) to V = X {er . j} we get ||(rT =1 £j) H (U™=i^)IU < 
5 and ||(nr=i^) n (A \ (U)T=i£fc))IU < 5 due to Inequality {ix), where 
A\(Ur=i£fc) e K, hence ||(nr=i^)IU < 5 ; since \\ A \l < max(Pn73|| M , \\An 
(A \ where (f]f =1 Si) G S. On the other hand, 5 > is arbitrary, con- 

sequently, liuu e< s \\A\lfj_ = 0. This means that (A, 71, /x) is the measure space. 
In view of Theorem 7.4 [H] the measure /x has an extension /x on the com- 
pletion 11^ of ft relative to /x, moreover, sup^ 3BcA |/x(-E>)| = sup x . gyl N^{x) 
for each A G ft M . 

2.9. Note. Theorem 2.8 has an evident generalization for bounded mea- 
sures Hj if two products IljeA f^j 

(Xj) G K and n jeA Pill 

N < oo converge, 

where A := {j : j G A, fij(Xj) ^ 0}, when A \ A is finite. Since /x is defined 
on 7?. and bounded on it, then /x has an extension to the bounded measure /x 
on Hp such that /x(A) = ILeA^iPO) and ||A|| M = IljeA Pj'IIa*-> where ft M 
is the completion of 1Z relative to /x. 

The conditions imposed in §2.7 on the family of measures are natural. In 
view of §2.8 if A = N and YiJLi || Xj = 0, then for each x G A and each 
e > there exists A G 7Z such that Iljli IKjC^) < e, hence ||A|| M = 0. On 
the other hand, if IT^Li PilUj = °°j then for each r > there exists -X"{ ei y} 
and A D A{ ej;J } with A eTZ such that n^Li 11^(^4) IUj > r ' h ence ||A|| M = oo. 
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If fi is a measure on (X,TZ), then [i(A) G K for each A G 1Z. In the case 
of the product measure \i this leads to the restriction, that Y[jeA ^j(-^j) * s 
convergent, when A \ A is finite. For infinite A \ A we have fi(A) = for 
each A G 71. The condition H-XjU^. = 1 for each j does not guarantee this 
convergence. For example, if K = Q p with the prime p > 1 and the set 
{j : fJ-j(Xj) G {2, ...,p — 1}} is infinite, then IIj 6 a Hj(Xj) diverges, since the 
multiplicative group (Z/pZ) \ {0} of the quotient ring (Z/pZ) is cyclic. 

2.10. Note. A set A is called directed if there exists a relation < on it 
satisfying the following conditions: 

(Dl) If j < k and k < m, then j < m; 
(D2) For every j G A, j < j; 

(D3) For each j and k in A there exists m G A such that j < m and 
k < m. A subset T of A directed by < is called cofinal in A if for each j G A 
there exists m G T such that j < m. Suppose that A is a directed set and 
{(Xj,lZj, fij) : j G A} is a family of probability measure spaces, where IZj 
is the covering ring (not necessarily separating). Supply each Xj with the 
topology Tj such that its base is the ring IZj as in §2.5. Let this family be 
consistent in the following sence: 

(1) there exists a mapping ttj : X^ — > Xj for each k > j in A such that 
(7rj : )" 1 (7?.j) C vrj(x) = x for each x G Xj and each j G A, 7r™ o 7rf = 7r™ 
for each m > k > I in A; 

(2) 7if(/i fc ) = (/^) for each > / in A. Such family of measure spaces is 
called consistent. 

2.11. Theorem. Let {(Xj,TZj,^j) : j G A} be a consistent family 
as in $2.10. Then there exists a probability measure space (X,7l^,fi) and 
a mapping ttj : X — > Xj for each j G A such that (7r J )~ 1 (72.j) C 1Z and 
7Tj(/i) = fij for each j G A. 

Proof. We have (ttJ) -1 ^) C for each fc > j in A, then (ti^)" 1 ^) C 
Tfc for each k > j in A, since each open subset in (Xj, Tj) is the union of some 
subfamily Q in TZj and (7r^) -1 (U ^) = DAegi.rf^i.A). Therefore, each 7r| is 
continuous and there exists the inverse system S := {Xk, iTj, A} of the spaces 
Xk- Its limit limS =: X is the topological space with the topology tx and 
continuous mappings 7Cj : X — > Xj such that it 1 * o w k = 7Cj for each k > j 
in A (see §2.5 in 0). Each element x G X is the thread x = {xj : Xj G Xj 
for each j G A, 7r*(xfe) = Xj for each k > j E A}. Then -nJ l [lZj) =: is the 
ring of subsets in X such that £?j C Tx for each j G A. The base of topology 
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of (X,Tx) is formed by subsets 7r^ 1 (A), where A G Tj, j G A, but TZj is the 
base of topology Tj for each j, hence {B : £> = nJ 1 (A), A e K 3 -, j G A} is 
the base of r X - Therefore, the ring 72 := \Jje\Gj is the base of t X - In view of 
Proposition 2.6 we can reduce our consideration to the case when each TZj is 
separating on Xj and 72 is separating on X, since Qj C for each /c > j in 
A. 

Consider on 72 a function /x with values in K such that / u(7r^ 1 (A)) : = 
for each A G 7£j and each j G A. If A and 5 are disjoint elements in 
7Z, then there exists j G A such that A and i? are in Qj, hence 

(i) A = ttJ^C) and 5 = ttJ^D) for some C and 7J in TZj, consequently, 
fi(A U B) = Hj(C U D) = /jLj(C) + /jij(D) = /jLj(A) + fij(B), that is, /x is 
additive. Moreover, = ||C|| Mj for each A = 7r^ 1 (C) with C G 7£j, 

hence ||X|| M = 1. Since fx(X) = fJ-j(Xj) and ^j(Xj) = 1 for each j G A, 
then /x(X) = 1. Therefore, /x satisfies Conditions 2.2. (i,ii). It remains to 
verify Condition 2.2. (Hi). By Formula 2.5.(1) we have the function N^(x) on 
(X, 72.) such that for each x £ X and e > there exists A G 72 such that 

(u) ||A|| M — e < X M (x) < \\A\\fj,. In view of (i) and upper semicontinuity 
of N H (xj) on (Xj,TZj) for each x G X and e > there exists j G A and its 
neighborhood A = 7r^ 1 (C) G 72 such that 

(m) Npjdfj) < N^(x) + e for each y G A, where x/j := 7Tj(y). Hence for 
each x G X and each e > there exists its basic neighborhood A such that 

(iv) N^(y) < X M (x) + e for each y G A, that is, N^(x) is upper semicon- 
tinuous on (X, 72), since < X w (xj) < 1 for each Xj G Xj and j G A. From 
Formulas and 2.2. (ii) we have 

(f) = svp x€X N^(x) for each A G 72, since ||A|| M = sup xgC iV^. (x) . 

For a compact subset V in X and each e > there exists a finite covering 
{Ei, ...,E m } C 72 of V such that inequalities (ii — iv) are satisfied for each 
Ei instead of A. Therefore, 

(vi) swp X £y N^(x) < max; = i )jn 

(fii) sup^gy X M (x) = mfn BJ i D v ||^4|| M - Though the compact subset V is 
not necessarily in 72 we take Equation (vii) as the definition of \\V\\^ : = 

Choose a sequence e-,- = 5 > for each j G A, where 5 > is independent 
from j. For each €j > a subset X^ := {x^ : Xj G X j , N N (x j) > €j > 0} 
is compact. If x fe G X fc)£fc , then X Mj (^(x^)) > for each j < fc, since 
(vr J A; )- 1 (72 i ) C 72 fc and \\B\\^ k < \\A\\^ for each B and A in 72 fe with B C A. 
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Hence TTj(Xk,e k ) C Xj i€k for each j < k in A. Since 7r™ o 7rf = 7T™ for each 
m > k > I in A, then {X kt s, ^j, A} is the inverse system. The image ^(X^s) 
of each compact set Xj-j is compact for each k > j (see Theorem 3.1.10 
H), since each (X fc ,r fc ) is the Hausdorff space in our consideration. Since 
the limit of an inverse mapping system of compact spaces is compact (see 
Theorem 3.2.13 0), then the limit X{ t .,j^ : = lim{X fc efe , ir*, A} is the compact 
subset in X such that X^..^ is homeomorphic with 0(X) flTTfceA -^k,e k i where 
9 : X ■=— > IlfceA X& is the embedding. For a shrinking family 5 in 7?- consider 
all finite intersections of finite families in S, this gives a centered family 
So in TZ such that 5 C So and denote it also by S. Applying {i — vii) to 
U = X{ tj: j} and using basic neighborhoods U = 7r^ 1 (?7fc), where £4 G 7£fc, we 
get analogously to §2.8 that for each shrinking family S in TZ with f]S = 
there exists lmi4 gS = 0, since due to (vi) we have 

(viii) N^(x) < 5 for each x G X \ X{ e :J }, since N^.{xj) < 5 for each 
Xj G X \ Xj s and each j G A. Using the completion of 7£ relative to fi we 
get the probability measure space (X, TZ^, //). 

2.12. Remark. Each family : j G A} such that for each j and in 
A there exists m such that Q m D U defines on the set A the structure of 
the directed set: k > j if and only if D C/j. If there exists a (continuous) 
retraction r of IT, e A -Xj =: K on lim{Xfc, Tr*, A} =: X, that is, r(F) = X and 
r(x) = x for each x G X, then a measure ^ on (Y, TZy) induces a measure 
H = r{y) on (X, 7^x), since r^iTZx) C 7£y, such that in this particular case 
Theorem 2.11 follows from Theorem 2.8. On the other hand, Theorem 2.8 
can be deduced from Theorem 2.11, since a product of topological spaces is 
the particular case of a limit of an inverse system, but the direct proof of 
§2.8 is simpler. 

2.13. Note. Theorem 2.11 has an evident generalization to the following 
case: ||Xj|| M . < oo for each j and there exist two limits lim^gAo ^j(^j) £ K 
and linij-gA ll^jlUj < °°; where A := {j : j G A,fij(Xj) ^ 0} and A \ A 
is bounded in A. We have < HX^H^ for each j < k in A, since 
Tij(fik) = yUj and (7rj : )~ 1 (72.fc) C TZy Since A is directed, then lim^gA ||Xj-|| w = 
su PjeA ll-^i IUj- Since a cylindrical distribution /i is defined on TZ and bounded 
on it, then fi has an extension to the bounded measure fi on TZ^ such that 
/z(X) = lim^gA Hj(Xj) and ||X|| M = lim^A ||Xj|| M ., where TZ^ is the comple- 
tion of TZ relative to fi. 

Let now X be a set with a covering ring TZ such that X G TZ. Let also 
{(X, Qj, j) : j G A} be a family of measure spaces such that A is directed 
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and Qj C Qk for each j < k G A, TZ = UjeA^j- Suppose // : TZ — > K 
is such that //|^ = //j and /ifc|c^ = fa for each j < k in A. Then the 
triple (X, TZ, /i) is called the cylindrical distribution. For each A G 72. there 
exists j G A such that A G C/j, hence \\A\\ H = \\A\\^ k for each k > j in 
A, consequently, := lim^gA is correctly defined. Suppose /i is 

bounded, that is,||X|| M < oo. (A particular simpler case is given below in 
§2.15). 

2.14. Theorem. Let (X, 72, //) be a bounded cylindrical distribution as 
in $2.13. Then fj, has an extension to a bounded measure /i on the completion 
TZ^ of TZ relative to fi. 

Proof. Let tx be a topology on X generated by the base TZ. In view of 
Proposition 2.6 each covering ring Qj of X produces an equivalence relation Kj 
and a quotient mapping ttj : X — > Xj such that 7T,- (£/,■) =: TZ j is a separating 
covering ring of Xj, where Xj is zero-dimensional and Hausdorff. Moreover, 
TZj is the base of topology Tj on Xj. Since D for each k > j, then 
on (Xfc, (7r* ) _1 (72j)) there exists an equivalence relation Kj and a quotient 
(continuous) mapping 7r* : X& — > Xj such that 7r™ o n k - = nj 1 for each 
j < k < m in A. Hence there exists an inverse mapping system {X^, ir*, A}. 
Therefore, the set X in the topology t x generated by its base TZ consisting 
of clopen subsets is homeomorphic with lim{Xfc, ttj , A}. Each 7Tj(//) = fa is 
a bounded measure on (Xj,1Zj) such that vrj(/i fc ) = fa and (7rJ) -1 (7^) C 1Z k 
for each > j G A. Therefore, {{Xj,TZj, fa) : j G A} is the consistent family 
of measure spaces. From the definition of ji it follows that \x is additive, hence 
\\X\ln is correctly defined. From HX^ < oo it follows ||X,-|| W < oo for each 
j G A and there exists lim^A ||Xj|| w = HX^. From X G TZ it follows, that 
/x(X) = fa(Xj) for each j G A. Then this Theorem follows from Theorem 
2.11. 

2.15.1. Note. Let X := liter X t be a product of sets X t and on X a 
covering ring TZ be given such that for each n G N and pairwise distinct points 
ti, t n in a set T there exists a K-valued measure Pt lt ..,t n on a covering ring 
TZ tl ,..., tn of X tl x ... x X tn such that 7rJ 1 1 ;;" ) 'J; +1 (7i tl) ... )tf , +1 ) = TZ tl ,..., tn for each 
t n+ i G T and Pt 1; ...,t n+1 (Ai x ... xA n x X n+1 ) = P tl ,...,t n {Ai x ... x A n ) for each 
A 1 x ... x A n G 7^,...,^, where < 1 ;;;;,t +1 : X tl x ... x X tn+1 - X tl x ... x X tn 
is the natural projection, Ai C X t; for each / = l,...,n. Suppose that the 
cylindrical distribution is bounded, that is, 

sup tli ... itn6T ,„eN \\ p ti,~ ,t n II < oo and there exists 
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lim 4li ... iinGTo;neN P tlv .. itn (X tl x ... x X tn ) G K, where T := {t G T : 
P t (X t ) ^0}, T\T is finite. 

2.15.2. Theorem (the non- Archimedean analog of the Kolmogorov the- 
orem). The cylindrical distribution Pt u ... J t n from §2.15.1 has an extension to 
a bounded measure P on the completion Tip of TZ := Ut x ... t n eTneN Gti,...,t n 
relative to P, where G tl ,...,t n ■= (nt 1 ,...,t n )~ 1 ('R>t l ,...,tn) and ^i.-A : x -> 
X tl x ... x X tn is the natural projection. 

3 Markov distributions for a non- Archimedean 
Banach space. 

3.1. Remark. Let H = co(a, K) be a Banach space over a non- Archimedean 
field K with an ordinal a (that is useful due to Kuratowski-Zorn lemma, see 
[|j EUl) an d the standard orthonormal base {ej : j G a}, = (0, 0, 1, 0, ...) 
with 1 on the j-th place, that is, Co(a, K) = {a; : x = (xj : i G a, x, G K), 
supj gct \xi\ =: ||x|| < oo, for each b > a set {i : |xj| > 6} is finite }. 
Suppose that K is complete as the ultrametric space. For example, K is 
such that Q p C K C C p or F p (9) C K, where p is a prime number, Q p 
is the field of p-adic numbers, C p is the field of complex p-adic numbers, 
F p (6) is the field of formal power series by an indeterminate 9 over the finite 
field F p consisting of p elements. Let U p be a cylindrical ring generated by 
projections Tip : H — > F on finite dimensional over K subspaces F in H 
and rings Bco(F) of clopen subsets. This ring U p is the base of the weak 
topology Tp tW in H. Each vector x G H is considered as continuous linear 
functional on H by the formula x(y) = J2j ^V 7 f° r each y G H, so there is 
the natural embedding H H* = Z°°(a,K), where x = J2j G K, 

Z°°(a,K) := {x : x = (xj : z G a, Xj G K), sup igQ |xj| =: ||x|| < oo}. This 
justifies the following generalization. 

3.2. Notes and definitions. Let T be a subset in A and containing 
a point to and X t = X be a locally K-convex space for each t G T, where 
A is an additive group, for example, A is contained in R or C or a non- 
Archimedean field. Put (Xp, U) := Ylteri^t, U t ) be a product of measurable 
spaces, where U t are rings of clopen subsets of X t , U is the ring of cylindrical 
subsets of X T generated by projections 7r q : X t — > X q , X q := Y[ teq X tl q C T 
is a finite subset of T (see §1.1.3 ||). Let K s be a subfield of C s such that K s 
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is complete as the ultrametric space, where s is a prime number. A function 
P(ti,Xi,t2,A) with values in K s for each t\ ^ t 2 G T, x\ G X tl , A G U <2 is 
called a transition measure if it satisfies the following conditions: 

(i) the set function v xlttl>t2 (A) := P(ti, x±, t 2 , A) is a measure on (X t2 , U t2 ); 

(ii) the function a^t^A^i) := -P(^i, %i, t 2 , A) of the variable x 1 is U tl — measurable, 
that is, a^] t2A (Bco(K s )) C U tl ; 

(iii) .P(ii, xi, <2, -A) = / P(h, xi, z, dy)P(z, y, t 2 , A) for each t\ ^ t 2 G T, 

that is, P(z,y,t 2 , A) as the function by y is in L((X z ,\J z ),u XlttltZ ,K. s ). A 
transition measure P(ti,xi,t2,A) is called normalised if 

(if) P(ti,Xi,t 2 ,X t2 ) = 1 for each t\ ^ t 2 G T. 

For each set q — (to, t±, .., t n+ \) of pairwise distinct points in T there is defined 
a measure in X 9 := Yiteg Xt by the formula 

(f)<(E)= / n^-1,^-1,^,^), ^6u»:=nu t) 

j£; fc=l teg 

where g — q \ {to}, variables Xi,...,x n+ i are such that (xi, x n+i ) G E, 
x G X to is fixed. 

Let E = Ei x X t . x E 2 , where ^ G nti U ti , £ 2 G ng'+i U **> if the 
transition measure P(t,X\,t 2 ,dx 2 ) is normalised, then 

(™) /4 (£) = I El xE 2 [Il{l\P(tk-l,X k - 1 ,t k ,dx k )}x [f Xtj P^j-uXj-ut^dXj) 

Hktj+i P(t k -i, x k -i, t k , dx k )\ = H r X0 {Ei x E 2 ), where r = q\{tj}. From Equa- 
tion (vi) it follows, that 

(™) W* = 

for each v < q (that is, v C q), where 7r* : X 9 — > X w is the natural projec- 
tion, g = q \ {to}, w — v \ {to}- Therefore, due to Conditions (iv,v,vii) : 
{(i xo ; 7r^; Tt} is the consistent family of measures, which induce the cylindri- 
cal distribution p, XQ on (Xt, U) such that /2 a;o (7r~ 1 (£')) = /i XQ (E) for each 

G U 9 , where is the family of all finite subsets q in T such that 
t EqCT,v<q<E T T , ir q : X T — > X 9 is the natural projection, g = g\{to}- 

The cylindrical distributions given by Equations (i — v, vii) are called 
Markov distributions (with time t G T). 
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3.3. Proposition. 1. If a normalized transition measure P satisfies the 
condition 

n 

(i) C : = supEZra(sup||i/ X)tfc _ lit J)] < 00, 
1 k=i 

where q = (t , ti, t n ) with pairwise distinct points t ,..,t n G T and n G 
N 7 then the Markov cylindrical distribution jl Xo is bounded and it has an 
extension to a bounded measure jl Xo on the completion of U relative to 

^x ■ 

3.3.2. Proposition. // 

n 

(ii) C x := supEZn||i/ X)tfc _ 1)tfc ||] = 00 

1 k=l 

for each x, where q = (to,h, ...,t n ) with pairwise distinct points to, ..,t n G T 
and n G N 7 then the Markov cylindrical distribution jl xo has the unbounded 
variation on each nonvoid set E G U. 

Proof. (1). If E G 0, then E G U 9 for some set q = (t Q , h, t n ) 
with pairwise distinct points t ,...,t n G T and n G N and g — q\ {t }, 
consequently, \fJ% (E) \ < Uk=i su Px IK,t fc _i,t J < exp(C) < 00, since t k G T 
for each k — 0, 1, ...,n, hence sup qE \fi XQ (E)\ = \\p> Xo \\ < exp(C). In view of 
Theorem 2.15.2 we get an extension of fi Xo to a bounded measure on . 

(2). For each (£1, £2, x) with x in ir t0! t 2 (E) there exists a set 5(ti,t 2 ,x) G 
U t2 n7T t0ji2 (E) such that t 2 , x)\\ VxiM t2 > l+e(t 1 ,t 2 ,x 1 ,x), where e(t 1 ,t 2 ,x 1 , 
0. In view of Condition (ii) for each R > and x we choose q such that 
Sfc=i e (^fe; tk+i,Xi,x) > R. For chosen u 7^ «i G T and x G ir to>u (E) C X u we 
represent the set 5(u, u±, x) as a finite union of disjoint subsets 7^ G U Ul such 
that for each 7^ and «2 7^ ^i there is a set 5^ G U U2 n n t0tU2 (E) satisfying 
ll^'ill^LULua ^ l+e(ui,u 2 ,^i,a;)for each x G 7^. Then by induction 5^ ,...j„ = 
U^;t=i 7ji,..j„+i so that for w„ +2 7^ w„ +1 G T there is a set ^ 1 ,... Jn+1 G U Un+i n 
*t ,u n+1 (E) for which \\S ju ..., jn+1 \\v Xn+ltUn+1 , Un+2 > 1 + e(u n+1 ,u n+2 ,x n+1 ,x) for 
each x G Jj u ...,j n+1 - Put r^° Jn = {x : x(u) = x ,x(ui) G j h , i(m„) G 
^ 1 ,... J „, x( M „ +1 ) G 7jW J and P« ;= ({l h _ jn T u ™ h ,..., jn ) G 0, since 
mi G N,...,m„ G N. Then 

||r u,a:o ||^ > SUPj^ Jn ||(rife=i Vu k - 1 ,x k - 1 ,u k (dXk)\ ljl x...xi jlt ... tjn x6 jlt ... tjn \\ 

> IlLit 1 + e(«fc-i, u k ,x k -i,Xk)] > R, consequently, ||£||/i xo = 00, 
since ||£7||^ > sup ru ,z ||r u ' xo || j ii and R > is arbitrary. 
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3.4. Let X t = X for each t £ T, X tQjXo := {x G Xt '■ x(to) = Xq}. 
We define a projection operator 7t q : x i— > where x g is defined on g = 
(t , tn+i) suc h that = x(t) for each t G g, that is, x q = x\ q . For every 
F : X T — > C s there corresponds (S q F)(x) := F(x q ) = F q (y , y n ), where 
y 3 = x(tj), F q : Xi -> C s . We put F := : X T -> C s , are U 9 - 

measurable}. If F G F, r = t G g, then there exists an integral 
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(i) J q {F) = / (S q F)(x , x n ) Yl P{t k -i,x k -i,t k ,dx k ). 
Jxq k=i 

Definition. A function F is called integrable with respect to the Markov 
cylindrical distribution ji XQ if the limit 

(ii) lim J q (F) =: J(F) 

along the generalized net by finite subsets q of T exists. This limit is called 
a functional integral with respect to the Markov cylindrical distribution: 

(iii) J(F) = I F{x)n xo {dx). 
Jx t0:XQ 

3.5. Remark. Consider a K s -valued measure P(t, A) on (X, U) for each 
t G T such that A — x G U for each A G U and x G X, where A G U, X is a 
locally K-convex space, U is a covering ring of X. Suppose P be a spatially 
homogeneous transition measure (see also §3.2), that is, 

(i) P(ti, xi, t 2 , A) = P(t 2 - t u A - Xl ) 

for each A G U, ti ^ t 2 G T and t 2 — ti G T and every xi G X, where P(t, A) 
satisfies the following condition: 

(ii) P(t 1 + t 2 ,A)= I P(t 1 ,dy)P(t 2 ,A-y) 
Jx 

for each t\ and t 2 and t± + 1 2 G T. Such a transition measure P(t\,xi,t 2 , A) 
is called homogeneous. In particular for T = Z p we have 

(m) P(t + 1,A)= [ P(t,dy)P(l,A-y). 
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If P(t,A) is a continuous function by t G T for each fixed A G U, then 
Equation (m) defines P(£, A) for each £ G T, when P(1,A) is given, since 
Z is dense in Z p . §§2.7 and 2.15 and 4.3 provide examples of Markov dis- 
tributions. Examples of Markov distributions are also Poisson and Gaussian 
distributions given below and in a forthcoming paper. 

3.6. Notes and definition. Let X be a locally K-convex space and 
P satisfies Conditions 3.2(z — in). For x and z G Q£ we denote by (z,x) 
the following sum J2]=i%jZj, where x = (xj : j = l,...,n), Xj G Q p . Each 
number y G Q p has a decomposition y = J2i a iP l , where a\ G (0, 1, ...,p — 1), 
min(7 : a\ 7^ 0) =: ord p (y) > — oo for y 7^ and ord(0) := 00 |36], We 
define a symbol {y} p '■— J2i<o a iP l f° r |z/|p > 1 an d {l/} P = for \y\ p < 1. We 
consider a character of X, x 7 : X — > C s given by the following formula: 

(i) x 7 (x) = e ^ 1{(e ' 7(x))} " 

for each {(e, 7(x))} p 7^ 0, Xt( :e ) := 1 f° r {(AT^))}? = 0, where e = l z is 
a root of unity, z = p ord ^ e ^ x )^v) ; ^ g x*, X* denotes the topologically 
conjugated space of continuous K-linear functionals on X, the field K as the 
Qp-linear space is n-dimensional, that is, c/otiq p K = n, K as the Banach 
space over Q p is isomorphic with Qp, e = (1, 1) G Q p , where s 7^ p are 
prime numbers (see f45[ and |32]). Then 



(ii) 4>(ti,x 1 ,t 2 ,y) := / Xy( x ) p (ti,xi,h, dx) 

is the characteristic functional of the transition measure P(t\,x\,t2,dx) for 
each ti 7^ £2 £ P an d each xi G X. In the particular case of P satisfying 
Conditions 3.5. with to — its characteristic functional is such that 

(m) xi, £ 2 , y) = i>(h - ti, y^^i), where 

(iv) ip(t,y) : = / Xv( x )P(t>dx) and 

0) ip(h +h,y) = ip(ti,y)ip(h,y) 



for each t\ 7^ £2 G T and £ 2 — £1 G T and £1 + £ 2 G T respectively and y G X*, 
£1 G X. 
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4 Non- Archimedean stochastic processes. 



4.1. Remark and definition. A measurable space (Q, F) with a probability 
K s -valued measure A on a covering ring F of a set Q is called a probability 
space and is denoted by (Q, F, A). Points uj G Q are called elementary events 
and values X(S) probabilities of events S G F. A measurable map £ : (Q, F) — > 
(X, B) is called a random variable with values in X, where B is a covering 
ring such that B C Bco(X), Bco(X) is the ring of all clopen subsets of a 
locally K-convex space X, £ _1 (B) C F, where K is a non- Archimedean field 
complete as an ultrametric space. 

The random variable £ induces a normalized measure u^(A) := A(£ _1 (A)) 
in X and a new probability space (X, B, v^). 

Let T be a set with a covering ring TZ and a measure rj : TZ — > K s . 
Consider the following Banach space L q (T, TZ, rj, H) as the completion of the 
set of all 7^-step functions / : T — > H relative to the following norm: 

(1) \\f\\ m := sup, 6T \\f(t)\\ H N v (t)^ for 1 < q < 00 and 

(2) Il/H^oo := su Pi< 9 <oo 11/ (^)IU?> where H is a Banach space over K 
(see also §2.5). For < q < 1 this is the metric space with the metric 

(3) p q (f,g):=sup teT \\f(t)-g(t)\\ H N ri (t) 1 /«. 

If H is a complete locally K-convex space, then if is a projective limit of 
Banach spaces H = \im{H a , n^, T}, where T is a directed set, : H a — > Hp 
is a K-linear continuous mapping for each a > (3, n a : H —>■ H a is a K-linear 
continuous mapping such that Tip on a = tt/s for each a > [3 (see §6.205 p6| ). 
Each norm p a on H a induces a prednorm p a on H . If / : T — > if, then 
7r a o / =: / a : T — > i^Q,. In this case L 9 (T, 7?., 77, H) is defined as a completion 
of a family of all step functions / : T — > H relative to the family of prednorms 
(!') H/llw := sup, er p a (/(t))iV^(t) 1 /9 ) a e T, for 1 < q < 00 and 
(2') Il/H^oo.a := suPi^oo ll/(*)ll»j,ff,a> « ^ T, or pseudometrics 
(3') p q ,*(f>9) ■■= sn PteT p a (f(t) - g(t))N v (t)Vi, a G T, for < q < 1. 
Therefore, L q (T,7Z,r], H) is isomorphic with the projective limit 
lim{L' 3 (T, 7?., 77, 7r^, T}. For q = 1 we write simply L(T,lZ,r], H) and 
H/Hjj. This definition is correct, since lim^oc a 1 ^ = 1 for each 00 > a > 0. 
For example, T may be a subset of R. Let Rd be the field R supplied 
with the discrete topology. Since the cardinality card(R) = c = 2 K °, then 
there are bijective mappings of R on Y x := {0,...,6} N and also on Y 2 : = 
N N , where b is a positive integer number. Supply {0, b} and N with the 
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discrete topologies and Y\ and Y 2 with the product topologies. Then zero- 
dimensional spaces Y\ and Y 2 supply R with covering separating rings fti 
and ft 2 contained in Bco(Y\) and Bco(Y 2 ) respectively. Certainly this is not 
related with the standard (Euclidean) metric in R. Therefore, for the space 
L q (T, ft, 77, H) we can consider t G T as the real time parameter. If T C F 
with a non- Archimedean field F, then we can consider the non- Archimedean 
time parameter. If T is a zero-dimensional f\-space, then denote by C°(T, H) 
the Banach space of continuous bounded functions / : T — ► ff supplied with 
the norm: 

(4) ||/||oo:= sup^ ||/(t)|k< 00. 
If T is compact, then C°(T, if) is isomorphic with the space C°(T, H) of 
continuous functions. 

For a set T and a complete locally K-convex space H over K consider 
the product K-convex space H T := liter -^t m the product topology, where 
H t := H for each t £T. 

Then take on either X := X(T, if) = L«(T, ft, 77, if) or X := X(T, H) = 
C fe °(T, H) or on X = X(T, H) = H T a covering ring B such that B C Bco(X). 
Consider a random variable £ : u; 1— > u;) with values in (X, B) and t G T. 

Events Si, are called independent in total if PfllJU S*) = IlLi p (<^)- 
Subrings Ft C F are said to be independent if all collections of events Sk G F& 
are independent in total, where k = l,...,n, n G N. To each collection of 
random variables £ 7 on (Q, F) with 7 G T is related the minimal ring Fx C F 
with respect to which all £ 7 are measurable, where T is a set. Collections 
{£ 7 : 7 G Tj} are called independent if such are F Tj , where Tj C T for each 
j — 1, n, n G N. 

Consider T such that card(T) > n. For X = C° (T, if) or X = ff define 
X(T, ff ; (ti, t„); z n )) as a closed submanifold of / : T — > if , / G X 

such that = 21, /(t„) = z n , where ti, t n are pairwise distinct points 
in T and z±, ...,z n are points in if. For pairwise distinct points ti, ...,t n in 
T with N v (ti) > 0, N v (t n ) > define X(T, if; (t 1; t n ); (^i, z n )) as a 
closed submanifold which is the completion relative to the norm H/H^g of a 
family of ft-step functions / : T — > ff such that /(ti) = Zi, /(i n ) = ^n- In 
these cases X(T,ff; (ti,...,t n ); (0, ...,0)) is the proper K-linear subspace of 
X(T, ff ) such that X(T, ff) is isomorphic with X(T, ff ; (t 1; t n )\ (0, 0))© 
ff n , since if / G X, then /(*) - f(t x ) =: g(t) G X(T, ff ; t l5 ^) (in the third 
case we use that T G ft and hence there exists the embedding ff <^-> X) . For 
n — 1 and t G T and Zi = we denote X := X (T, if) := X(T, if; t ; 0). 
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4.2. Defintion. We define a (non- Archimedean) stochastic process 
w(t,u) with values in if as a random variable such that: 

(i) the differences w{t^uj) —w(t 3 ,uj) and w(tz,ui) —w(ti,u) are indepen- 
dent for each chosen u>, (ti,t 2 ) and (t 3 ,tA with t 1 7^ t 2 , t 3 7^ £4, either t\ or 
^2 is not in the two-element set {t 3 , £4}, where uGfi; 

(ii) the random variable cj(t, u) — lu(u,u) has a distribution /i Ft < u , where 
/i is a probability K s -valued measure on (X(T, if), B) from §4.1, : = 
^(<7 _1 (A)) for g : X — > if such that g~ l {1Zn) C B and each A G 7^#, a 
continuous linear operator F tjU '■ X — > H is given by the formula F tyU {w) : = 
w(i,co>) — w(m,c<j) for each w G f 9 (f2, F, A; Xq), where 1 < q < 00, X is 
the closed subspace of X as in §4.1, TZh is a covering ring of if such that 
F^{1Zh) C B for each t 7^ w in T; 

(m) we also put w(0, u;) = 0, that is, we consider a K-linear subspace 
L q (tt, F, A; X ) of L«(fi, F, A; X), where ft 7^ 0. 

It is seen that w) is a Markov process with transition measure P(u, x, t, A) = 
fi F *>»(A - x). 

This definiton is justified by the following Theorem. 

4.3. Theorem. Let either X = C$(T,H) orX = H T or X = U(T,TZ,rj,H) 
with 1 < g < 00 be the same spaces as in §^.i, where the valuation group 
Tk is discrete in (0, 00). Then there exists a family \1/ of pairwise in- 
equivalent (non- Archimedean) stochastic processes on Xof the cardinality 
card(^>) > card(T)card(H) or card(ty) > card(lZ)card(H) respectively. 

Proof. Each complete locally K-convex space if is a projective limit of 
Banach spaces H a . Therefore, due to §§2.5 and 4.2 it is sufficient to consider 
the case of the Banach space if. Since if is over the field K with the valuation 
group Tk discrete in (0, 00), then if is isomorphic with the Banach space 
co(a,K) (see Theorems 5.13 and 5.16 ||41||), where a is an ordinal. 

Let IZk be a covering separating ring of K such that elements of 7Zk 
are clopen subsets in K. Then there exists a lot of probability measures m 
on (K, IZjt) with values in K s , for example, atomic measure with atoms dj 
such that for each U G 7Zk either cij C U or dj C K \ U. For example, this 
can be done for singleton atoms. Let the family T of aj be countable and 
linij m(aj) = 0, when T is infinite. Then m(S) := X^cs a j f° r eacn & e 
and ||m|| = sup^- |m(aj)|. If K is infinite and contains a locally compact 
infinite subfield F with a nontrivial valuation, then K can be considered 
as a locally F-convex space. As the locally F-convex space K in its weak 
topology is isomorphic with F 7 , since Tp is discrete in (0, 00) and there is the 
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non- Archimedean variant of the Hahn-Banach theorem, where 7 is a set (see 
[ 3C . f|l] ) . Having a measure on F we can construct a probability measure on 
K due to Theorem 2.8 and Note 2.9 and Remarks 2.5. 

Therefore, consider also the particular case of the locally compact field 
K. If K is infinite, then either K D Q p or K = F p (0) with the corresponding 
prime number p, since K is with the nontrivial valuation |46| . If K is finite, 
then K = F p . Let s be a prime number such that s 7^ p, then K is s-free 
as the additive topological group (see the Monna- Springer theorem in §8.4 
[fnH). Therefore, there exists the K s - valued Haar measure w on K, that is, the 
bounded measure on each clopen compact subset of K with w(B(K, 0, 1)) = 
1 and w(y + A) = w(A) for each A G Bco(K) and each y G K, where 
B(Y,y,r) := {z : z G Y,d(y,z) < r} is the ball in an ultrametric space Y 
with an ultrametric d and a point y EY. 

We have the following isomorphisms: 

U(T, 11, 77, H) = W{T, K, T},K)<8>H and 

C®(T,H) = C°(T, K) <S> H, moreover, L 9 {T,TZ,rj,K.) is isomorphic with 
Co (/?£,, K) and C°(T, K) is isomorphic with Cq((3c, K), where /3l and (3c are 
ordinals, since Tk is discrete (see Chapter 5 |4l| ). The locally K-convex 
space H T is isomorphic with Y± ® if, where Yi := K T . On the other hand, 
the Banach space co(a, K) in its weak topology t w is isomorphic with K T 
for card(a) = card(T), since the valuation group of K is discrete in (0, 00) 
(see §8.203 in f36f ). Therefore, the ring of clopen subsets in (co(a;, K), t w ) 
supplies Y\ with the covering separating ring. If //i and \xi are K s -valued 
measures on Banach spaces Y\ and Y 2 with covering rings IZi and TZ 2 respec- 
tively, then Hi ® fi 2 is the K s -valued measure on (Yi <g> Y 2 ,TZi x 1Z 2 ). In the 
Banach space co(/3,K) there exists the canonical base (e 3 - : j G (3), where 
ej := (0, 0, 1, 0, ...) with 1 on the j-th place. With this standard base are 
associated projections ^j ly ...,j n { x ) := YA=\ x ^ e h f° r eac h ji,...,j n G (3 and 
each jigN and for each vector x G Co(j3, K) with coordinates x J G K in the 
standard base. Consider a covering separating ring 71 of c (/3, K) such that 

n := U il ,...j ne /3;„^(^ 1 ,...jJ _1 ( 5 co(span K (e il ,...,e i J), 
where span^zi : / G 7) := {x : x G Co(/3, K); x = J^jet;^ Zj] 0? G K; 
card(() < Ko} for each 7 C /?. On the completion 7?.^ there exists a proba- 
bility K s -valued measure /1 generated by a bounded cylindrical distribution 
as in §2.8, §2.9 or §2.15. For example, each Hj(dx) := fj(x)w(dx) is a mea- 
sure on K, where fj G L(K, JZ(K), w, K s ), u> is either the Haar measure or 
any other probability measure on K, fij = 7ij([i) for each j G (3. 
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In particular, for card{(3) < Ko and locally compact K non- Archimedean 
infinite field with nontrivial valuation there exists [i such that IZ^ D Bco(co{f3, K)). 
For this consider on the Banach space c := c (u ,K.) a linear operator 
J G L (co), where L (H) denotes the Banach space of compact K-linear op- 
erators on the Banach space if, such that Je^ = v with Vi 7^ for each % 
and a measure vidx) := f(x)w(dx), where / : K — > f?(K, 0, r) with r > 1 is a 
function belonging to the space L(K, 7?^, it), K s ) such that lim| :c |_ ) . 00 f(x) = 
and = 1, \\S\\ U > for each clopen subset S in K, for example, when 

f(x) 7^ w-almost everywhere. In particular we can choose v with \v\ = 1. 
In view of Lemma 2.3 and Theorem 2.30 from II j32] and Theorem 2.8 there 
exists a product measure 

(i) fi(dx) := YiiZi Vi{dx l ) on the ring Bco(cq) of clopen subsets of Co, where 
(ii) vtldx*) := f(x i /v i )u(dx i /v i ). 

Consider, for example, the particular case of X = C°(T, if) with compact 
T. If t G T is an isolated point, then C°(T, H) = C°(T \ {t }, H) © if, so 
we consider the case of T dense in itself. Let Z be a compact subset without 
isolated points in a local field K. Then the Banach space C°(Z, K) has 
the Amice polynomial orthonormal base Q m (x), where x G Z, m G N Q : = 
{0,1,2,...} IJ. Each / G C° has a decomposition /(x) = ^ m a m(f)Qm(x) 
such that linim^oo a m = 0, where a m G K. These decompositions establish 
the isometric isomorphism 6 : C°(T, K) — > c (^o>K) such that ||/||c° — 
max m |a m (/)| = ||#(/)||co- If M i are roots of basic polynomils Q m as in [p]], 
then Q m (ui) = for each m > i. The set {«j : 2} is dense in T. 

The locally K-convex space X = X(T,H) is isomorphic with the tensor 
product X(T, K)®if (see §4.R |4l| and [0]). If Ji G L (Yi) is nondegenerate 
for each i = 1,2, that is, ker(Ji) = {0}, then J := Jj ® J 2 G LoC^i ® F 2 ) 
is nondegenerate (see also Theorem 4.33 f4l|). If X(T, K) and if are of 



separable type over a non- Archimedean locally compact infinite field K with 
nontrivial valuation, then we can construct a measure fi on X such that 
TZ^ D Bco(X). The case ff T we reduce to (c (a, K), r^) <8> if as above. 
Put Fx := X(T,K) and Y" 2 := H and J := J x ® J 2 G Lo(Y[ ® F 2 ), where 
•iie TO := a m e m such that a m 7^ for each m and liim a, = 0. Take J 2 also 
nondegenerate. Then J induces a product measure /1 on X(T,H) such that 
// = /ii®// 2 , where /x, are measures on Yj induced by Jj due to Formulas (z, ii). 
Analogously considering the following subspace X (T, H) and operators J : = 
Ji<8> J 2 G L (A (T, K)<g)if) we get the measures /1 on it also, where t G T is a 
marked point. On the other hand, the space X(T, H) is Lindelof (see §3.8 H), 
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hence each subset U open in X(T, if) is a countable union of clopen subsets. 
Hence the characteristic function Chu of U belongs to L(X,TZ,/i, K s ), since 
= sup x N^(x) < oo, consequently, ft^ 3 U. In general the conditon 
TZfj, D Bco(X Q ) is not imposed in §4.1 and in Defmiton 4.2, so ft^ may be 
any covering ring of X . 

For each finite number of pairwise distinct points (t , ti, ■■■,t n ) in T and 
points (0, Zi, z n ) in if there exists a closed subset 
X(T, H- (t , h, t n ); (0, zi, .., z n )) in X(T, if) such that 
X(T,H; (t , ti, ...,£„); (0,Zi, ...,z„)) = (0, zi, z n )+X(T, if ; (* , *i, -,*n); (0, . 
where X(T, if; (t , h, t„); (0, ...,0)) is the K-linear subspace in X(T,H). 
Therefore, 

(m) rings F^ tl (1Z(H)) and F t ~£ 3 (ft(if)) are independent subrings in the 
ring ft(X(T, if)), when (ti, t 2 ) and (t 3 ,t 4 ) satisfy Condition 4.2. (i), where 
covering rings ft(ff ) and ft(X) and measures //, /ii and //2 are as above. 

Put P(t 1: x u t 2: A) := //({/ : / G X(T, if; (t , h); (0, Xl )), f(t 2 ) G A}) 
for each ti ^ t 2 £ T, x± E H and A G ft(ff). In view of (m) we get, that P 
satisfies Conditions 3.2. (i — iv). By the above construction (and Proposition 
3.3.1 also) the Markov cylindrical distribution p, XQ induced by /x is bounded, 
since /i is bounded, where xo = for X (T, if). Let T be a set of elementary 
events u :={/:/ G X(T, if; (t , £i, t„); (0, x±, x n ))}, where A w is a fi- 
nite subset of N, Xi G if, (^ : % G A w ) is a subset of T\{t } of pairwise distinct 
points. There exists the ring U of cylindrical subsets of X (T,H) induced 
by projections ir s : X (T,H) -> if s , where ff s := ILes s = ..,*„) 
are finite subsets of T, H t = H for each t G T. This induces the covering 
ring ft(T) of T, where (T, ft(T), v) is the image of (Xq(T, if), U, /i xo ) due 
to Proposition 2.6. In view of the Kolmogorov theorem 2.15.2 and §2.5 jl XQ 
on (X (T, if), U) induces the probability measure v on (T, ft„(T)). For each 
probability space (Q, F, A) and a measurable mapping n : f2 — > T, that is, 
7r _1 (ft(T)) C F, such that 7r(A) = z/ we get the space L 9 (f2, F, A,X ) and the 
realization of the stochastic process a;). In particular, we can take Q = T 
and 7r = id. 

In the case X(T, H) = H T (apart from C°(T, ii) and f 9 (T, ft, 77, if)) it is 
sufficient to take any bounded linear operator J\ on Y±, that is, J\ G f (Yi), 
that brings the difference, when card(T) > K . 

Therefore, using cylindrical distributions we get examples of such mea- 
sures /1 for which stochastic processes exist. Hence to each such measure on 
X (T, if) there corresponds the stochastic process. 
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Evidently, on the field K there exists a family \1/k of inequivalent Re- 
valued measures of the cardinality cardan) > card(K), since the subfam- 
ily of atomic measures satisfies this inequality. In the particular case of 
C p D F D Q p or F = F p (0) we use the Haar measure w also for which 
card(L q (F, w, Bco(F), K s )) = c := card(R) for each 1 < q < oo. In view 
of the non- Archimedean variant of the Kakutani theorem (see II. 3. 5 |32j| ) we 
get the inequalities for card(ty), since card(H) = cardan) car d(K.) . In par- 
ticular, for T = B(K,0,r) with r > and a locally compact field K either 
K D Q p or K = F p (6>) considering all operators J := J\ <g> J 2 6 i (Vi ® K 2 ) 
and the corresponding measures as above we get c K ° = c inequivalent mea- 
sures for each chosen /. 

Note. Evidently, this theorem is also true for C°(T, H), that follows from 
the proof. If take v with suppiv) = B(K,0, 1), then repeating the proof it 
is possible to construct /i with supp(fi) C B(C°(T, K), 0, 1) x B(H, 0, 1). 
Certainly such measure /i can not be quasi-invariant relative to shifts from a 
dense K-linear subspace in C°(T,H), but (starting from the Haar measure 
w on F) fi can be constructed quasi-invariant relative to a dense additive 
subgroup G' of B(C°(T, K), 0, 1) x B(H, 0, 1), moreover, there exists \i for 
which G" is also B(K, 0, l)-absolutely convex. 



5 Poisson processes. 

5.1. Definition. Let T be an additive group such that T C B(K S , 0, r) and 
7^ p G K s with \p\r < s 1 ^ 1 '^, where K s is a field such that Q s C K s C 
C s , K s is complete as the ultrametric space. Consider a stochastic process 
£ G L q (Q, F, A, Ao(T, H)) such that the transition measure has the form 

P(t h x, t 2 , A) := P{t 2 - t h x, A) := Exp(-p(t 2 - h))P(A - ar) 
(see §3.2 and §4.2) for each x G H and A G IZh and ti and t 2 in T, where 

Exp(x) := Z)^o x ™/ n '- Then such process is called the Poisson process. 

5.2. Proposition. Let 

P(A - x) = J H P(-x + dy)P(A - y) for each x G H and A G TZ H and 
P(H) = 1 and \\P\\ = 1, 

then there exists a measure [i on Xq(T, H) for which the Poisson process 
exists. 

Proof. The exponential function converges if | a; | < s 1 ^ 1-5 ^, since \nl\~ 1 < 
s( n_1 )/( s_:L ) for each < n G Z in accordance with Lemma 4.1.2 EM. Hence 



24 



\Exp{— p{t2 — ti)) — 1| < 1 for each ti and ti in T, consequently, \Exp(— p(t 2 — 
ti))| = 1. Take 

Ihu.-.tn ■= p (h - h, 0, *)...P{t n - t n _i, 0, *) on 

for each pairwise distinct points t±, ...,t n G T, where 

Pt u -,t n = t*i ,...,*„ (^) and 
7r tli ..., t „:X (T,//)^^ 1 x...x// tn 

is the natural projection, H t = H for each t E T. There is a family A of 

all finite subsets of T directed by inclusion. In view of Theorem 2.14 the 

cylindrical distribution fi generated by the family P(t2 — ti,x,A) has an 

extension to a measure on X (T,H). All others conditions are satisfied in 

accordance with §4.2 and §5.1. 

5.3. Note. Let K be a complete ultrametric space with an ultrametric 

d, that is, 

d(x, y) < ma.x(d(x, z), d(y, z)) for each x,y,z G X. 

Let 

d(x, y) : = maxi<i<„ d(x h y { ) 
be the ultrametric in K n , where x — (xi : % — 1, n) G K n , Xi G K. Put 

K n := (x G K n : 7^ Xj for each i 7^ j). 
Supply K n with an ultrametric 

5 n K (x,y) := ^(x,y)/[max(^(x,y),^(x, (K n ) c ),d(y, (K n )% 
where A c := K n \ A for a subset A C lf n . Then (A'™, 5^-) is the complete 
ultrametric space. Let also 5^- denotes the collection of all n-point subsets 
of K. Then the ultrametric 8% is equivalent with the following ultrametric 

4?(7, V) := inf<x G s„ d£-((xi, x n ), < (n) )), 
where £„ is the symmetric group of (l,...,n), cr G S n , <r : (l,...,n) — > 
(l,...,n); 7,7' G -B^-. For each subset A C K a number mapping A^i : 
B\ — >■ N Q is defined by the following formula: N a(i) '■= card{^ fl A), where 
N := {1,2,3,...}, N := {0,1,2,3,...}. It remains to show, that b n K is the 
ultrametric for the ultrametric space (K,d). For this we mention, that 

(i) 5^(x,y) > 0, when x 7^ y, and 8f C (x,x) = 0. 

(ii) 5f C (x,y) = 5f C (y,x), since this symmetry is true for d\ and for [*] in 
the denumerator in the formula defining b\. To prove 

(in) 6%(x,y) < max(5%(x, z), 5%(z, y)) 
we consider the case S^(x,z) > 5x(y,z), hence it is sufficient to show, that 
5 n K {x,y) <5 n K (x,z). Let 
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(a) d n K {x,z) > max(^(z, (X n ) c ), d n K {x, (X n ) c )), 
then 6k(x,z) = 1, hence 5f C (x, y) < S^(x,z), since <%(x, y) < 1 for each 
x,y G X n . Let^ 

(6) dj.(x, (X n ) c ) > max(dl(x,z),dl(z, (X n ) c )), then 

<Sfc(M = d n K (x,z)/d n K (x,(K n ) c ) < I. Since d n K (z,A) := inf aeA rf™ (z, a), 
then 

t&Os, (X«) c ) < max(d n K (y, (K n f),d n K (y,z)). 
If «>, z) < d\{z, (K n f) and y) < d n K {x, z), then 

d n K {z, (K n ) c ) < d n K {x, {K n ) c ). Hence 

d n K (x, y) ma X (4(i, z), d n K (x, (X") c ), d£(z, (X") c )) 

< d n K (x, z) max«(x, y), d^x, (K n Y), d n K (y, (X") c )). 
With the help of (ii) the remaining cases may be lightly written. 

5.4. Notes and definitions. As usually let 

where B° K := {0} is a singleton, Bk 3 x = (x n : x n G B^, n — 0, 1, 2, ...). If a 
complete ultrametric space X is not compact, then there exists an increasing 
sequence of subsets K n C X such that X = \J n K n and X„ are complete 
spaces in the induced uniformity from X. Moreover, K n can be chosen clopen 
in X. Then the following space 

Tx := {7 : 7 C I and card^ H X n ) < 00 for each n} 
is called the configuration space and it is isomorphic with the projective limit 
pr - lim{B Kn ,7i^,N}, where vr"(7 m ) = 7„ for each m > n and 7„ G 
If d„ denotes the ultrametric in Bk„, then d n+ i\B K = d n , since K n C X n+ i. 
Then ITj?Li -Sx n =: ^ in the Tychonoff product topology is ultrametrizable, 
that induces the ultrametric in Fx, for example, 

p(x,y) := d n (x n ,y n )p~ n is the ultrametric in Fx, 
where n = n(x, y) : = min^^.) j, x = (xj : j G N, x,- G Br^.), 1 < p G N. 

Let X G {K n : n G N}, then ttik denotes the restriction m|#, where 
m : 7?. — > K s is a measure on a covering ring lZ m of X, X n G lZ m for each 
n G N. Suppose that K™ G 7£ m n for each n and Z in N, where TZ m is the 
completion of the covering ring lZ n of X n relative to the product measure 
m n = <S>]=i m j, m j = m for each j. Then m\ := ®™ =1 {rriK)j is a measure 
on K n and hence on X n , when m is such that = 0> fo r example, 

non-atomic to, where (m K )j = m K for each j. Let m(Ki) 7^ for each I G N, 
to(X) 7^ and ||m|| < s 1 ^ 1-5 ). Therefore, 

(i) P K>m := ^(-m(X))E,T=o^,n/n! 
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is a measure on TZ(Bk), where 

m K fi is a probability measure on the singleton B° K , and are images of 
m\ under the following mappings: 

p n K : (x x , x n ) G K n -> {xi, x n } G B£. 
Such system of measures P^n is consistent, that is, 

irY{P K i,m) = PK n , m for each n < I. 
This defines the unique measure P m on TZ(Tx), which is called the Poisson 
measure, where n n : Y — > Bk„ is the natural projection for each n G N (see 
for comparison the case of real-vauled Poisson measures in ||44|| ) . For each 
ni, ••jTfy G N and disjoint subsets B\, ...,Bi in X belonging to 1Z m there is 
the following equality: 

(n) P m (n l J=1 {l ■ cardfr R ^) = m}) = Yl^m^B^Exp^-m^))/^.. 

There exists the following embedding Tx c — > Sx> where 

Sx := lim{_E^ n , n 7 ^, N} is the limit of an inverse mapping sequence, 

E K ■= ®Zo K l f o r each K G {K n : n = 0, 1, 2, ...}. 
The Poisson measure P m on lZ(Tx) considered above has an extension on 
Tl(Sx) such that ||-PmU x \r x || = 0. If each K n is a complete K-linear space, 
then Ek and Sx are complete K-linear spaces, since 

S x C(U^ =1 E Kn ). 

Then on TZ(Sx) there exists a Poisson measure P m , but without the restric- 
tion ||?rixlAr«\^™ll = 0; where 

(iit) P K , m ■= Exp{-Tn{K))Y,n= Q m n K /Ti\, 

■Ki{P Kum ) = PK n ,m for each n < I. 

5.5. Corollary. Let suppositions of Proposition 5.2 be satisfied with 
H = Sx for a complete K.-linear space X and P{A) = P m (A) for each 
A G TZ(Sx), then there exists a measure /i on X (T, H) for which the Poisson 
process exists. 

5.6. Definition. The stochastic process of Corollary 5.5 is called the 
Poisson process with values in X. 

5.7. Note. If £ G L q (Q, F, A; X (T, H)) is a stochastic process, then its 
mean value at the moment t G T is defined by the following formula: 

(i) M t (0:= / £{t,u)\(du). 
Jn 

Let H = K be a field, where Q p C K C C p , let also A be with values in K. 
Suppose that 
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\\{uj : \£(t,u)\ > R}\\ x = for each t G T for some R > 0. 
Let p G B(K, 0, c) and let T be a subgroup of B(K, 0, r), where i?max(c, r) < 
p 1 /( 1 -p) ) k is the locally compact field. Let 

P 1 : C°(B(K, 0, c), K) -> C\B(K, 0, c), K) 
be an antiderivation operator (see also §§54, 80 [f4lfl ). 

5.8. Theorem. (Non-Archimedean analog of the Levy theorem.) Let 
ip be a continuously differentiable function, from T into K belonging to 
P l (C°(B(K, 0, c), K)) and ip(0) = 0. Then there exists a stochastic process 
such that 

M t (Exp(-pi(t,u))) = Exp(-t^(p)) 
for each t in T and each p G B(K, 0, c). 

Proof. For the construction of £ consider solution of the following equa- 
tion 

M t [Exp{-pt(t,u))] = Exp{-m P )). 

Then e(t) = e(t — s)e(s) for each t and s in T and each p G -B(K, 0, c), where 

e p {t) := e(t) := M t {Exp{-p£{t,u))). 
Hence 

de p (t)/dp = —tip'( y p)Exp(—t ; ip(p)), consequently, 

for each t 7^ 0, where EXP is the locally analytic extension of Exp on K 
(with values in {x : 2 G C p , |x — 1| < 1}, see p3| ). In particular, 

lim^o^or 1 ^/ ^(-^({wi^^edl}). 
By the conditions of this theorem we have 

Consider a measure m on a separating covering ring 7Z(K.) such that 7Z(K.) D 
Bco(K) U {0} with values in K such that 

m{dl) : = lim t _ ,t^o lP{{u : G dZ})/i. 

Therefore, 

^(p)^P^f K EXP(-/3l)m(dl))\ p . 
From -?/>(0) = we have e p (l) = 1 for each p, consequently, 

V(p) = pm + / K [l - EXP(-p/)]/- 1 m(rf/), 
where mo := m({0}), since 

lim^ ^o[l - EXP(-pl))/l = p and 

lim / [1 - EXP(-pl)]l- l m(dl) = 

p^0,p^0 J B(K,0,k) 
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for each k > 0. Define a measure n(dl) such that n({0}) = and n(dl) = 
Z _1 m(dZ) on K \ {0}, then 

^(p) — P m o + Jk[1 — EXP(—pl)]n(dl). We search a solution of the 
problem in the form 

£(t, uj) = tm + j* K Zr/(t, dl, uj), 
where r)(t, dl, uj) is the measure on 1Z(K) for each fixed t G T and G f2 such 
that its moments satisfy the Poisson distribution with the Poisson measure 
P tn , that is, 

M t [77 fc (t,dZ,w)] = J2 s < k a s ,kM s (dl)/s\ 
for each t G T, where ao,j = 0, aij = 1 and recurrently 



for each < j, in particular, Ojj = j\, that is, 

a fcJ = \j\/(s 1 \...s k \)\. 

Sl + ...+S k =j,Sl>l,...,S k >l 

Using the fact that the set of step functions is dense in L(K, 1Z(K), n, C p ) 

we get 

M t [EXP(-p f lr ] (t,dl,uj))} = \imM t lY[EXP(-pl j ri(t,5 j ,uj))} 
= ^^M t [EXP{-plj-n{t,5j,u)))\ = nmEXP(-pt^20--EXP(-pl j ))n(8 j )) 



z 

3 



EXP[-pt f (1 — EXP(—pl)n(dl)\, 



where Z is an ordered family of partitions U of K into disjoint union of 
elements of 7£(K), U < V in Z if and only if each element of the disjoint 
covering U is a union of elements of V, lj G 5j ElA G Z. The limit 

lim We2 f(U) =: lim 2 / = a 
means that for each e > there exists U such that for each V with W < V 
we have 

|a-/(V)|<e, 

where f(U) is one of the functions defined as above with lj G 5j G U, that is, 

f{U)=M t \goh{ri)\, 
where g o h{rj) is the composition of the continuous function g and of 
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Hv) = JK((y)v(t,dy,uj) 
with the step function (. We get the equation 



M t [EXP(-p£(t,w)] = EXP(-ptm )M t [EXP(-p J lrj(t,dl,u))]. 

In view of Corollary 5.5 it defines the stochastic process with the probability 
space (Q, F, A), the existence of which follows from the second half of §4.3. 

5.9. Note. From the preceding results it follows, that there are several 
specific features of non-Archimedean stochastic processes and in particular 
Poisson processes in comparison with the classical case. For this there are 
several reasons. The non- Archimedean infinite field K with nontrivial valu- 
ation has not any linear ordering compatible with its field structure. In the 
non- Archimedean case there is not any indefinite integral. Theory of analytic 
functions and elements has many specific features in the non-Archimedean 
11 , 43]j . Moreover, interpretations of probabilities also are different 



case 



We have started our collaboration with the investigation of one problem 
formulated few years ago by A. Khrennikov and A. CM. van Rooij. It was 
in the study of non-Archimedean analogs of the Kolmogorov theorem for 
measures with values in non- Archimedean fields. 

S. Ludkovsky is sincerely grateful to A. Khrennikov for his hospitality at 
International Center for Mathematical Modeling of Vaxjo University. 
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